Abstract. Electron and hole states are studied in quantum well wires (QWWs) with a rectangular cross section. A theoretical approach is developed, within which the electronic properties of a single QWW as well as of finite and infinite planar lattices of QWWs are analysed. It is demonstrated that the ratio of effective masses in the well and in the barrier influences the dispersion law of the electron motion along the QWW axis. A six-wire lattice is studied in detail. Edge states, which can be observed in optical spectra, are revealed, when the barrier heights are different inside and outside the lattice. The miniband structure is investigated for an infinite lattice of QWWs. The evolution of electron states is analysed when the number of QWWs in the lattice increases: 1 → 6 → ∞. The calculated electron-hole pair energies are in a good agreement with the experimental data on photoluminescence in the Ga 0.47 In 0.53 As/InP QWW.
Introduction
Nowadays, the fabrication technology of semiconductor quantum well structures of nanometre sizes is being developed. These structures will form the basis of the electronic devices of the future. It has been proved that transistors and lasers made of quantum wires demonstrate excellent characteristics [1] . Among all of these structures, quantum well wires (QWWs) have attracted attention because of a combination of the confinement across a QWW and the free motion of a charge carrier along the QWW axis.
Recently, QWWs of various cross sectional shapes have been fabricated and their physical properties have been studied. QWWs with a triangular cross section have been obtained using the technology of the selective growth on SiO 2 patterned substrates [2] . Ultrafine Si/SiO 2 QWWs have been fabricated and their transport properties have been studied [3] . Cylindrical GaAs and CdSe QWWs have been formed in crysolite asbestos nanotubes and also the crystallization of CdS in the channels of mica has been carried out [4] , where nonlinear optical transmission at discrete frequencies has been observed. The investigation of carrier capture, relaxation, cooling and radiative recombination in the V-groove GaAs/Ga 0.55 Al 0. 45 As QWW has been presented in [5] . The optical properties of the V-groove and T-shaped GaAs/Al x Ga 1−x As QWWs have been investigated by observing photoluminescence (PL) and In order to find electron and hole quantum states in a system with an arbitrary number of rectangular QWWs, we develop a method, which includes a considerable analytical phase. In section 2 this method is applied for a single rectangular QWW and for a planar lattice with a finite number of rectangular QWWs. Further, in section 3 a planar lattice with an infinite number of QWWs is considered. The energy structure of an infinite lattice of QWWs is investigated. Results of calculations for a single QWW, a finite lattice with six QWWs, and an infinite lattice of QWWs are discussed in section 4. The obtained energy levels of an electron and a hole in a single QWW are compared with those obtained theoretically earlier [15, 16] and with experimental data [23, 24] . In a finite lattice of QWWs, we study in detail edge quantum states with the wavefunctions localized at the lattice ends. Conclusions about main features of the electron and hole quantum states in QWW lattices are given in section 5.
Single quantum wire and finite lattice
We consider the rectangular quantum wires layered out along one plane and parallel to each other (see figure 1) . The dimensions of the quantum wires are L x and L y along the x-axis and the y-axis, respectively. The lengths of the quantum wires are supposed to be infinite. The wavefunctions and the energy spectrum of this structure are determined from the Schrödinger equation
where m(r) and V (r) are respectively the band mass and the barrier potential. Since V (r) and m(r) do not depend on z, we can represent (r) in (1) as
i.e. a charge carrier travels freely along the z-axis with a wavenumber k z . Substituting (2) in (1) gives the two-dimensional Schrödinger equation
where
z /2m w is referred to as the energy of the transverse (in the (x, y)-plane) motion and
is the effective potential depending on k z due to the inhomogeneity of the structure. We calculate the wavefunction (x, y) separately in the region I (|x| L x /2) and in the region II (|x| > L x /2). In each of these regions, the barrier potential and the band mass may be functions of variable y only:
Consequently, we can use the following expansions for the wavefunction:
where I and II denote the wavefunction in regions I and II, respectively. It is worth noting that V eff (x, y) and m(x, y) are symmetrical functions with respect to both the coordinates, i.e. they do not change when x → −x or y → −y. Hence, a solution of (3) is either a symmetrical or antisymmetrical function of x and y. Hereafter, we introduce two indices i and j for the functions F For further calculations it is convenient to impose an auxiliary condition on the wavefunction (x, ±R) = 0, which, according to (6) and (7), results in the conditions ϕ j k (±R) = 0 and j κ (±R) = 0. The parameter R is chosen to be much larger than the size of the structure. We have found that for a GaAs/Ga 0.63 Al 0.37 As structure with N quantum wires, it is enough to take 2R = NL + 6L and a choice of higher values of R does not change the results of calculations considerably. If we assume, for example, 2R = NL + 7L then, even for energy levels that lie only 0.01V b below the barrier edge, the corresponding energy differences are of the order of a few per cent.
The solution of (3) (6) into (3), we find that terms depending on the x and y coordinates can be separated. Hence, equation (3) can be split into two parts, which correspond to one-dimensional equations for 
The solution of this equation depends on the number of the quantum wires in the lattice. It can be solved analytically for an arbitrary number of QWWs in the lattice. Indeed, dividing the interval (−R, R) into segments where the band mass is constant, one can easily find a solution of (8) in each of those segments. Then, satisfying the condition ϕ j k (±R) = 0 and requiring the continuity of the function ϕ j k (y) and of its derivative divided by the band mass, one obtains a secular equation for quantum numbers k. We have considered two cases: a single QWW and a lattice with six QWWs. For a single quantum wire, the symmetrical solution is
where quantum numbers k are defined from the secular equation
The antisymmetrical solution is
with the corresponding secular equation
Here q
is the sign function. The parameter q k can acquire either real or imaginary values.
Similarly, substituting the expansion (7) into (3), we obtain the one-dimensional equation for
The solutions of this equation can be immediately written down as
where the quantum number κ is found from the condition (6) and (7) to a sufficient (in order to provide a given accuracy) number of terms, which is the same for both expansions.
(ii) Inserting expressions (6) and (7) into equation (3) again yields the one-dimensional equations for functions
The general solutions of these equations are
and θ(t) is the Heaviside step function. In (18) , the requirement f κ (±∞) = 0 is fulfilled. (iii) Since the wavefunction (x, y) is either a symmetrical or an antisymmetrical function with respect to x, it is enough to require the continuity conditions for (x, y) and for its derivative divided by the band mass at the boundary x = L x /2. Using the fact that the functions j κ (y) are orthonormalized, these boundary conditions result in
, and (6) and (7) gives the wavefunction (x, y).
In our calculations the sum over k is restricted to k < k max , where k max is defined from the conditionh 2 k 2 max /2m w = 4V b . We have found that this restriction allows us to calculate the complete discrete energy spectrum (E tr < V b ) with a good accuracy regardless of the number of the quantum wires N . Taking 5V b instead of 4V b in previous equality, we obtain a correction to the energy spectrum of less than 1%. It should be noted, that unlike k max , the number of terms in the expansions (6) and (7) rises with increasing N , due to the aforementioned relation 2R = NL + 6L. In a single GaAs/Ga 0.63 Al 0.37 As quantum wire, according to the above presented equalities for R and k max , it is sufficient to take 20 terms in (6) and (7), in order to calculate all 10 discrete energy levels. In a lattice with six QWWs (the period L = 15 nm) the number of terms is taken to be 40, in order to find all 60 discrete energy levels.
Infinite lattice
In this section we consider an infinite lattice of rectangular quantum wires. The method already described for the single quantum wire and for a finite lattice cannot be applied straightforwardly for the infinite lattice, because of infinite number of terms with k < k max in (6) and (7). Therefore, we use the expansions for (x, y) similar to those of (6) and (7) with the x and y coordinates transposed with respect to each other. In these expansions ϕ k (x) and κ (x) are the functions (defined by (9) , (11) and (14)) of a single wire extended along the x-axis.
In the case of an infinite lattice, the effective barrier potential V eff (x, y) and the band mass m(x, y) are periodic functions of the y coordinate, i.e.
y) and m(x, y+L) = m(x, y).
Hence, due to the translation symmetry of the system, the wavefunction (x, y) obeys the relation [29] (
where k y is a quantum number satisfying the inequalities −π/L k y π/L. It is worth noting that k y can be interpreted as a quasi-wavenumber of the motion of an electron or a hole along the y-axis.
The solution of the Schrödinger equation (3), which satisfies the relation (20) , and which is defined within the period |y| L/2, has the form
where 
where Re B κ and Im B κ are the real and imaginary parts of B κ . On the basis of (22) 
Results of calculation and discussion
In order to justify the accuracy of the method, first of all we carry out the calculations for the single rectangular GaAs/Ga 0.63 Al 0.37 As and Ga 0.47 In 0.53 As/InP quantum wires. For those QWWs the lowest energy levels were found in [15] and [16] , respectively. The material parameters have the following values for the GaAs/Ga 0.63 Al 0.37 As structure [16] • conduction electron: m w = 0. Our analytical calculation reproduces the values of the lowest eigenenergies obtained in [15, 16] . Also we find the energy shift in the Ga 0.47 In 0.53 As/InP quantum wire with respect to a Ga 0.47 In 0.53 As slab of the same thickness. For the calculations we take L y = 5 nm, while L x is varied from 5 to 50 nm. In figure 2 the results of these calculations are plotted together with experimental data from [23, 24] . Comparing our theoretical results with experiments of [23, 24] we should point out a considerable scatter in experimental data. This could be the result of geometrical and compositional inhomogeneities of the wire, which grow with weakening confinement. The results of measurements are considerably altered even for different samples (see figure 2 , the first PL peaks for two samples are marked as empty and full triangles). Taking this into account, the agreement of the experimental and theoretical data can be stated as good for the ground-state energy and fair for the first excited state. Having checked the accuracy of our method, we carried out the following calculations. (1) For the single rectangular GaAs/Ga 0.63 Al 0.37 As quantum wire with dimensions L x = 20 nm and L y = 10 nm, all ten discrete energy levels E tr l (l = 1, . . . , 10) and the corresponding wavefunctions l (x, y) are calculated. In figure 3 the wavefunctions (k z = 0) of the four lowest quantum states are plotted as 3D-graphs. The bold curve in these graphs is a projection of the quantum wire border on the surface. It can be seen from figure 3 that the higher quantum states penetrate into the barrier region more strongly than the lower ones. As shown below, the penetration substantially influences the miniband width of an infinite lattice.
The wavefunctions l (x, y) with l = 1, . . . , 7 and 10 have a rather simple structure and can be classified by introducing quantum numbers n x and n y , which indicate the number of halfwaves along the x-and y-axes, respectively. Using such a classification, we can indicate the following pairs of (n x , n y ): (1, 1); (2, 1); (3, 1) ; (1, 2); (2, 2); (4, 1); (3, 2) for the quantum states with l = 1 to 7, correspondingly, and n x = 4, n y = 2 for the state with l = 10. The remaining wavefunctions 8 (x, y) and 9 (x, y) cannot be classified in this way. If one increases the height of the barrier V b , the discrete quantum states of a single quantum wire tend to the well known quantum states (n x , n y ) in a rectangular quantum wire with infinite height of the barrier. In such a limit, the quantum states with l = 8 and 9 tend to the quantum states with n x = 1, n y = 3 and n x = 5, n y = 1, respectively.
(2) In figure 4 the energies E tr l (l = 1, . . . , 10) are plotted as a function of k z . If the band masses in the quantum wire and in the barrier were the same, then the total energy E would depend on k z as a parabolic function and the energy E tr l would be a constant. In figure 4 , we emphasize a deviation of the above energies from the parabolic dependence due to different band masses (m b > m w ), while the electron's dispersion law in the well and barrier materials is parabolic. As k z increases, the height of the effective potential V eff decreases in this case. Hence, when the energy E tr l is close to the height of the effective potential, this deviation becomes significant. For higher quantum states, the deviation from the parabolic dependence becomes appreciable at smaller values of k z as compared with those for lower quantum states. The diminishing of E tr l with increasing k z can be explained by the penetration of the wavefunction in the barrier region, where the band mass is heavier than that inside the quantum wire. Consequently, the penetration of the wavefunction in the barrier is deeper for higher k z (see figure 5 ). So, due to a deep penetration of the wavefunction 4 (x, y) (n x = 1, n y = 2) in the barrier in comparison with that of 3 (x, y) (n x = 3, n y = 1), at large k z ≈ 1.1 nm −1 the energy level E 4 becomes lower than E 3 . Each quantum state of a single quantum wire transforms into six quantum states in the lattice with six QWWs. This process can be imagined as a split of a six-fold degenerate energy level into six energy levels of the lattice. If one increases the distance between the quantum wires L − L y to infinity, the value of this split tends to zero, and the wavefunction in each quantum wire coincides with the wavefunction single l of a single quantum wire. Therefore, we can classify the quantum states in a finite lattice by two quantum numbers l and p, where miniband of an infinite lattice (the miniband energy structure of an infinite lattice is discussed below). If one increases the ratio V 0 /V b , the two highest energy levels, which correspond to the symmetrical and antisymmetrical edge quantum states, go up off the miniband. In the opposite case of small ratios V 0 /V b < 1, the two lowest energy levels go down off the miniband edge. In both cases, the two energy levels of the edge quantum states become very close to each other. The rest of the four energy levels always lie inside the miniband. It is worth mentioning that, due to such a degeneracy of the energy levels of the edge quantum states, a linear combination of the corresponding symmetrical and antisymmetrical wavefunctions is an approximate solution of the Schrödinger equation (3) . Consequently, we can construct the wavefunctions, which are localized only at one edge of the lattice as
One of the wavefunctions l± corresponds to the edge quantum state in a semi-infinite lattice (a lattice with an infinite number of QWWs and one edge).
(5) Similarly to a superlattice, the infinite lattice of QWWs has a miniband energy structure. Each miniband with the energy E l (k y ) originates from the energy level E l of a single quantum wire. In figure 10 Corresponding to ten discrete energy levels in a single quantum wire, the infinite lattice has 10 minibands. The wavenumber k y is restricted to the interval −π/L k y π/L, since the energy E l (k y ) is a periodic function of k y with the period 2π/L. The formation of a miniband can be imagined as a splitting of an infinitely degenerate energy level of a single quantum wire. It is important to note, that an energy level of a single QWW lies exactly in the middle of the corresponding miniband. In the minibands l = 1, 2, 3, 6, 8, 9, the energy E l (k y ) has a minimum at k y = 0, while in the minibands l = 4, 5, 7, 10 at k y = 0, E l (k y ) is maximal. The quantum states l = 1, 2, 3, 6 in a single quantum wire are classified by the quantum number n y = 1, and, correspondingly, the quantum states l = 4, 5, 7, 10 have n y = 2. Since the quantum states with n y = 2 penetrate into the barrier deeper than the quantum states with n y = 1, the corresponding minibands labelled by l = 4, 5, 7, 10 are wider than those with l = 1, 2, 3, 6.
In a general case, the wavefunction of an electron or a hole in an infinite lattice acquires complex values. According to (20) , in an infinite lattice the wavefunction is exactly represented as a product of the envelope function e ik y y and a wavefunction of a single quantum wire.
Conclusions
A theoretical method is developed, which allows an insight to be obtained into the electronic properties of a single quantum well wire with a rectangular cross section, as well as of the finite and infinite planar lattices of such wires. Using this method, the electron and hole discrete energy levels are calculated and the obtained electron-hole pair energies are found to be in good agreement with the experimental data. The dependence of the electron energy E(k z ) and the wavefunction on the wavenumber k z was investigated. Due to different band masses inside and outside the quantum wire (m b > m w ), the electron wavefunction penetrates deeper into the barrier as the wavenumber k z rises, and, consequently, E(k z ) is a non-parabolic function of k z . In this way, the ratio of effective masses in the well and in the barrier influences the electron transport along the QWW axis. The energy levels and the wavefunctions of the electron quantum states in the finite lattice of six QWWs were investigated. The quantum states in a finite lattice are formed from those of a single quantum wire. Therefore, the energy spectrum of a finite lattice can be interpreted as a split of the energy levels of a single QWW. Consequently, the wavefunction in each quantum wire is modulated by an envelope function along the entire lattice. When the height of the external potential barrier differs from that of the internal one (which is between the quantum wires), the edge quantum states occur. The wavefunction of an edge quantum state is localized near the lattice edges, while the wavefunctions of the rest quantum states are expelled from the edges. Each energy level of the edge quantum states has a very close neighbour, which is characterized by the opposite parity with respect to inversion of the lattice axis.
The energy spectrum of an infinite lattice has a miniband structure. Each miniband corresponds to a discrete energy level in a single quantum wire.
